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PANM 22
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Kontaktnı́ úloha lineárnı́ pružnosti s Trescovým třenı́m

Elastická tělesa Ω1,Ω2 ⊂ R3:

∂Ωk = γk
u ∪ γk

p ∪ γk
c , k = 1, 2

Ω1

Ω2

γ1
u

γ2
u

γ1
p

γ2
p

γ1
c = γc

γ2
c = γc

Lamého PDR + okrajové podm.:

−divσk = fk v Ωk

σk = µk tr(εk )I + 2λkεk v Ωk

εk = 1
2 (∇uk +∇⊤uk ) v Ωk

uk = 0 na γk
u

σk nk = pk na γk
p

pro k = 1, 2.

Jednostranný kontakt na γc :

un − d ≤ 0, σn ≤ 0, σn(un − d) = 0.

Trescovo třenı́ na γc : mez skluzu g ≥ 0

∥σt∥ ≤ g
∥σt∥ < g ⇒ ut = 0
∥σt∥ = g ⇒ ∃c ≥ 0 : ut = −cσt

ut = (ut1 , ut2 ), σt = (σt1 , σt2 ) ∈ R2,

n

t1

t2

{n, t1, t2} lokálnı́ báze v bodech γc .

Výchozı́ úloha pro složitějšı́ modely třenı́
(Coulombův, koeficient závislý na řešenı́, ...).

4 / 47



Algebraická úloha z MKP

Aproximace MKP:

Ω1

Ω2

γ1
u

γ2
u

γ1
p

γ2
p

γ1
c = γc

γ2
c = γc

Primárně-duálnı́ úloha:

(u,λn,λt ) ∈ R3n × Rm × R2m

Ku + N⊤λn + T⊤λt = f

Nu− d ≤ 0, λn ≥ 0, λ⊤
n (Nu− d) = 0

∥λt,i∥ ≤ gi

∥λt,i∥ < gi ⇒ ut,i = 0
∥λt,i∥ = gi ⇒ ∃ci ≥ 0 : ut,i = ciλt,i

i ∈M = {1, . . . ,m}.

Eliminace složek posunutı́:

λ = (λn;λt ) ∈ R3m, C = (N;T),

u = K−1(f− C⊤λ)

Duálnı́ úloha:

λ∗ = arg min
λ∈Λ

1
2
λ⊤Fλ− λ⊤h,

kde F = CK−1C⊤, je symetrická a pozitivně
definitnı́, h = CK−1f− (d; 0).

Přı́pustná množina má tvar:

Λ = {λ : λn ≥ 0, ∥λt,i∥ ≤ gi , i ∈M}.
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Úlohy prouděnı́ se skluzovou podmı́nkou

Prouděnı́ v kanále Ω ⊂ R2:

∂Ω = γD ∪ γN ∪ γS

Ω
γD

γD

γS

γN

Stokesovy PDR + okrajové podm.:

−ν∆u +∇p = f v Ω
∇ · u = 0 v Ω

u = uD na γD
σ = σN na γN

un = 0 na γC
ut = 0 ⇒ |σt | ≤ g na γS

σt ut + g|ut |+ κu2
t = 0 na γS

Skluzová podmı́nka: mez skluzu g ≥ 0,
adheze κ ≥ 0,

σt σt σt

−ut −ut −ut

κ

κ
g

−g

g

−g

Navier Tresca Navier+Tresca
(1826) (1994) (2013)
g = 0 κ = 0 g > 0, κ > 0

Duálnı́ úloha pro λ = (λt ;λn;p) ∈ R2m+np :

λ∗ = arg min
λ∈Λ

1
2
λ⊤Fκλ− λ⊤h

na přı́pustné množině

Λ = {λ : |λt,i | ≤ gi , i ∈M}.
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Algebraická úloha z TFETI metody
Rozloženı́ oblasti:

λu λu
λp

λu

λp

λu

λp

λu

λp

λu

λp

λu λu λu λu λu λu

λt

λn

Spojitost MKP aproximacı́ uh a ph mezi podoblastmi Ω vynucujı́ Lagrangevy multiplikátory:
λu pro rychlost a λp pro tlak.

Primárně-duálnı́ úloha: (u,λt ,λn,λu ,λp,p) ∈ R2n × Rm × Rm × R2mu × Rmp × Rnp

Aκu + T⊤λt + N⊤λn + B⊤
u λu + B⊤

p λp + B⊤p = f
Bu = 0
Nu = 0

Buu = uD,Bpp = 0
(Tu)i = 0⇒ |λt,i | ≤ gi

(Tu)i > 0⇒ λt,i = gi

(Tu)i < 0⇒ λt,i = −gi

 i ∈M
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Algebraická úloha z metody TFETI

Eliminace rychlosti: λ = (λt ;λn;λu ;λp;p), C = (T;N;Bu ;Bp;B)

u = A+
κ (f− C⊤λ) + Rα, 0 = R⊤(f− C⊤λ),

kde A+
κ je zobecněná inverze k Aκ a R je báze nulového prostoru Aκ.

Duálnı́ úloha:

λ∗ = arg min
λ∈Λ

1
2
λ⊤Fκλ− λ⊤h

na přı́pustné množině

Λ = {λ : |λt,i | ≤ gi , i ∈M, Gλ = e},

kde G má plnou řádkovou hodnost, G = R⊤C⊤, e = R⊤f,
a Fκ je symetrická a pozitivně definitnı́ na Ker G.
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Jak vzniknou nerovnostnı́ omezenı́ v Λ ?

Primárnı́ úloha (v rychlostech):

u∗ = arg min
u∈VB

J(u)

kde J(u) =
1
2

u⊤Aκu− f⊤u +
m∑

i=1

gi |ut,i |, Aκ := A + T⊤DκT,

a VB = {u ∈ R2n : Bu = 0, Nu = 0}.

Regularizace nehladkého členu:

Ve 2D pro ut,i , λt,i , gi ∈ R platı́:

gi |ut,i | = max
|λt,i |≤gi

λut,i .

Ve 3D pro ut,i ,λt,i ∈ R2, gi ∈ R platı́ (z Cauchyho nerovnosti):

gi∥ut,i∥ = max
∥λt,i∥≤gi

λ⊤
t,i ut,i .
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Jak vzniknou nerovnostnı́ omezenı́ v Λ ?

Sedlobodová úloha:

(u∗,λ∗) = argmin
u

max
λ∈Λ

L(u,λ)

kde Lagrangian má tvar L(u,λ) = 1
2 u⊤Aκu− f⊤u + λ⊤Cu

pro λ = (λt ;λn;p), C = (T;N;B)

a přı́pustnou množinu Λ = {λ : |λt,i | ≤ gi , i ∈M}.

Duálnı́ úloha: vznikne vyeliminovánı́m u podle ∂uL(u,λ) = 0.
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Formulace úlohy 1

Minimalizačnı́ úloha s omezenı́m (QCQP):

x∗ = argmin
x∈Ω

q(x),

kde

q(x) =
1
2

x⊤Ax − x⊤b,

A ∈ Rn×n je symetrická pozitivně definitnı́, b ∈ Rn,

x = (x⊤
1 , x⊤

2 , x⊤
3 )⊤ ∈ Rn, n = 3m, xi ∈ Rm, i = 1, 2, 3,

Ω = {x ∈ Rn : x1,i ≥ li , x2
2,i + x2

3,i ≤ g2
i , i = 1, . . . ,m},

l = (l1, . . . , lm)⊤, g = (g1, . . . , gm)⊤, gi ≥ 0.

∃! řešenı́ x∗ ∈ Rn (minimum ostře konvexnı́ kvadratické funkce na konvexnı́ množině).
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Karush–Kuhn–Tuckerovy podmı́nky optimality

Lagrangeova funkce:

L(x , ν) = q(x) +
m∑

i=1

ν1,i (li − x1,i ) +
m∑

i=1

ν2,i (x2
2,i + x2

3,i − g2
i ),

ν = (ν⊤1 , ν⊤2 )⊤ ∈ R2m jsou Lagrageovy multiplikátory.

∃! řešenı́ (x∗, ν∗) ∈ Rn × R2m KKT systému:

∂x L(x , ν) = 0, ∂νL(x , ν) ≤ 0, ν⊤∂νL(x , ν) = 0, ν ≥ 0.

Pomocná proměnná z = (z⊤
1 , z⊤

2 )⊤ ∈ R2m: z := −∂νL(x , ν),

∂x L(x , ν) = 0, ∂νL(x , ν) + z = 0, ν⊤z = 0, ν ≥ 0, z ≥ 0,

neboli

∂x L(x , ν) = 0, ∂νL(x , ν) + z = 0, NZe2m = 0, ν ≥ 0, z ≥ 0,

kde N = diag(ν),Z = diag(z) ∈ R2m×2m, e2m = (1, . . . , 1)⊤ ∈ R2m

13 / 47



Newtonova funkce

Pro Newtonovu funkci F : Rn+4m → Rn+4m,

F (v) =

 ∂x L(x , ν)
∂νL(x , ν) + z
NZe2m

 , v =

 x
ν
z

 ,

dostáváme úlohu:

F (v) = 0, ν ≥ 0, z ≥ 0.

∃! řešenı́ v∗ = (x∗⊤, ν∗⊤, z∗⊤)⊤ ∈ Rn+4m.

Nejjedoduššı́ metoda vnitřnı́ho bodu = Newtonova metoda s tlumenı́m.

Generuje posloupnost {v (k)}, kde ν(k) > 0, z(k) > 0.

Konverguje k řešenı́ v∗ ležı́cı́mu na hranici prvnı́ho (hyper)kvadrantu vzhledem k ν a z.

14 / 47



Newtonova metoda s tlumenı́m (DNM)

Iteračnı́ schéma:

J(v (k))∆v (k+1) = −F (v (k)),

v (k+1) = v (k) + αk∆v (k+1).

Jacobiho matice J : Rn+4m → R(n+4m)×(n+4m) k funkci F .

Vyřešenı́m soustavy vypočı́táme Newtonovský směr ∆v (k+1).

Celý Newtonovský krok dostaneme pro délku: αk = 1.

Zkrácenı́m kroku, αk ∈ (0, 1), zajistı́me ν(k+1) > 0, z(k+1) > 0:

αk = min{1,−δv (k)
n+i/∆v (k+1)

n+i : ∆v (k+1)
n+i < 0, i = 1, . . . , 4m},

kde δ ∈ (0, 1) je tlumenı́.

Počátečnı́ aproximaci volı́me ”uvnitř “ prvnı́ho kvadrantu:

x (0) = 0, ν(0) = cνe2m, z(0) = cze2m, cν , cz > 0.
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2 Formulace 1. úlohy (QCQP)
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Hlavnı́ idea

C(τ)

zizi

νiνi

νi zi = τ > 0νi zi = 0

DNM: PF:

Posloupnost {v (k)} se snažı́me držet ”hluboko“ v prvnı́m kvadrantu, abychom mohli
vykonávat dlouhé kroky a dostali rychlou konvergenci.

Zavedeme pomocné úlohy s parametrem τ > 0:

F (v) =

 0
0

τe2m

 , ν ≥ 0, z ≥ 0. (1)

Centrálnı́ cesta: C(τ) = {vτ ∈ Rn+4m : vτ řešı́ (1) pro τ ∈ (0,T ]}.

Platı́: vτ → v∗, jestliže τ → 0+.

Newtonovské iterace kombinujeme s poklesem: τ = τk .
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Definice

Mı́ra duality:

ϑ = ϑ(v) =
ν⊤z
2m

.

Okolı́ centrálnı́ cesty šı́řky γ ∈ (0, 1], β ≥ 1:

N (γ, β) = {v ∈ Rn+4m : ν ≥ 0, z ≥ 0,

νi zi ≥ γϑ, i = 1, . . . , 2m,

∥∂x L(x , ν)∥ ≤ βϑ, ∥∂νL(x , ν) + z∥ ≤ βϑ}.

Platı́: C(τ) ⊆ N (γ, β), C(τ) = N (1, 0).

Lemma
Necht’ v = (x⊤, ν⊤, z⊤)⊤ ∈ N (γ, β) a νi = 0 nebo zi = 0 pro aspoň jedno i ∈ {1, . . . , 2m}.
Potom v = v∗.
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Okolı́ centrálnı́ cesty graficky

m = 1:

ν1z1 ≥ γ
ν1z1 + ν2z2

2
⇐⇒ ν1z1 ≥ kν2z2

ν2z2 ≥ γ
ν1z1 + ν2z2

2
⇐⇒ ν2z2 ≥ kν1z1


k = γ/(2− γ)

k ∈ (0, 1]

 

ν1z1

k

ν2z2

k−1
C(τ)

2m-stranný kužel v prvnı́m 2m-kvadrantu určený směrnicı́ k .

Centrálnı́ cesta je zde jeho osa.
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Algoritmus PF

Necht’ γ ∈ (0, 1], β ≥ 1, ω ∈ (0, 1) a ε ≥ 0. Necht’ v (0) ∈ N (γ, β) a k := 0.

(1◦) Zvol centrujı́cı́ parametr σk ∈ [0, 1
2 ] a τk = σkϑk .

(2◦) Vyřeš:

J(v (k))∆v (k+1) = −F (v (k)) +

 0
0

τk e2m

 .

(3◦) Vypočti v (k+1) = v (k) + αk∆v (k+1) pomocı́ největšı́ho αk ∈ (0, 1] takového, aby
v (k+1) ∈ N (γ, β) a aby byla splněna Armijova podmı́nka:

ϑk+1 ≤ (1− αkω(1− σk ))ϑk .

(4◦) Je-li err (k) := ∥v (k+1) − v (k)∥/∥v (k)∥ ≤ ε, odešli v (k+1) ≈ v∗, jinak k := k + 1 a jdi na (1◦).
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Konvergence

Krok αk splňujı́cı́ (3◦) je odražený od nuly.

Lemma
Necht’ γ ∈ (0, 1], β ≥ 1, ω ∈ (0, 1) a v̂ ∈ N (γ, β), v̂ ̸= v∗. Pak existuje δ̂ > 0 a α̂ ∈ (0, 1]
takové, že pro αk splňujı́cı́ (3◦) platı́ αk ≥ α̂ pro libovolné v (k) ∈ N (γ, β) ∩ B̂(v̂ , δ̂).

Důkaz nenı́ konstruktivnı́, ve výpočtu se použı́vá ”backtracking”.

Věta
Necht’ γ ∈ (0, 1], β ≥ 1, ω ∈ (0, 1) a ε = 0. Necht’ posloupnost {v (k)} počı́tána ALGORITMEM PF
je omezená. Limitnı́ bod této posloupnosti je řešenı́ v∗.

Důkaz sporem: ∃ {v (k′), k ′ ∈ I} −→ v̂ ̸= v∗

0 < ϑ̂←− ϑk′+1 ≤ ϑk′ − αk′ω(1− σk′ )ϑk′ ≤ ϑk′ −
1
2
α̂ωϑ̂︸ ︷︷ ︸

−∞←− ϑk′+1 ≤
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6 Numerické experimenty

22 / 47



Implementačnı́ detaily

Adaptivnı́ přesnot pro řešenı́ vnitřnı́ch soustav PCGM:

tol(k) := min{rtol × err (k−1), cfact × tol(k−1)},

kde 0 < rtol , cfact < 1. (rtol = 0.01, cfact = 0.9)

Adaptivnı́ centrovánı́ pomocı́ bariérové strategie: σk ∈ [0, 1
2 ], cσ > 0,

σk = min

{
1
2 ,max

{
0, cσ ×

(
1−ξk
ξk

)3
}}

kde
ξk = min

i∈{1,...,2m}
{ν(k)i z(k)

i }/ϑk .

Platı́: ξk ∈ [γ, 1].

Je-li ξk = 1, v (k) ∈ C(τ) =⇒ σk = 0 (≈ newtonovský směr).

Je-li ξk = γ, v (k) ∈ ∂N (γ, β) ⇒ σk = 1/2 (centrujı́cı́ směr).

(cσ = 1.25 × 10−5)
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Implementačnı́ detaily

výpočet délky kroku αk s tlumenı́m a ”backtrackingem”:

α0
k = min{1,−δv (k)

n+i/∆v (k+1)
n+i : ∆v (k+1)

n+i < 0, i = 1, . . . , 4m},

”Backtrackingem” testujeme nerovnosti z N (γ, β) a Armijovu podmı́nku, podm(α):

(a) Zvol ρ ∈ (0, 1), α0
k ∈ (0, 1] a j := 0.

(b) Pokud podm(αj
k ) neplatı́, polož α

j+1
k = ρα

j
k , j := j + 1 a opakuj.

(c) Odešli αk = α
j
k .

”Backtracking”musı́ skončit (viz Lemma).
(δ = 0.999, ρ1 = ρ2 = 0.9, ρ3 = 0.5)

zbývajı́cı́ parametry: γ = 0.001, β = 109, ω = 0.1.
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Experiment: délka kroku αk versus centrovánı́ σk

jsme-li blı́zko centrálnı́ cesty, pak si můžeme dovolit dlouhý (newtonovský) krok: αk ≈ 1

jsme-li blı́zko hranice okolı́ centrálnı́ cesty, pak centrujeme: σk = 1/2
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Sestavenı́ lineárnı́ch soustav
Lagrangian:

L(x , ν) =
1
2

x⊤Ax − x⊤b +
m∑

i=1

ν1,i (li − x1,i ) +
m∑

i=1

ν2,i (x2
2,i + x2

3,i − g2
i ).

Newtonova funkce F (v):

F (v) =


Ax − b +

 −N1
2N2X2
2N2X3

 em(
L− X1 + Z1
X 2

2 + X 2
3 − G2 + Z2

)
em

NZe2m


, kde


Nj = diag(νj ), j = 1, 2,
Zj = diag(zj ), j = 1, 2,
Xj = diag(xj ), j = 1, 2, 3,
G = diag(g1, . . . , gm),
L = diag(l1, . . . , lm).

Jacobiho matice je regulárnı́ na okolı́ centrálnı́ cesty:

J(v) =

 J11 J12 0
J21 0 I
0 Z N

 ,

J11 = A +

 0 0 0
0 2N2 0
0 0 2N2

 , J12 = J⊤
21 =

 −I 0
0 2X2
0 2X3


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Schurův doplněk pro (2,2)-blok

 J11 J⊤
21 0

J21 0 I
0 Z N

 ∆x
∆ν
∆z

 =

 r1
r2
r3



Schurův doplněk: JSC = J11 − (J⊤
21, 0)

(
−Z−1N Z−1

I 0

)(
J21
0

)
.

Redukovaná soustava: JSC∆x = r̃1,

se symetrickou, pozitivně definitnı́, ale špatně podmı́něnou maticı́:

JSC = J11 + J⊤
21Z−1NJ21 = A + B, B =

 0 0 0
0 2N2 0
0 0 2N2

+ J12Z−1NJ⊤
12,

kde B je symetrická, obecně pozitivně semidefinitnı́ a ”levná”.

Předpodmiňovač:

PSC = DA + B, DA = diag(A).
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Odhad polohy vlastnı́ch čı́sel

Věta
Necht’ 0 < amin, amax, resp. 0 < dmin, dmax jsou nejmenšı́ a největšı́ vl. čı́slo matice A, resp. DA.

Vlastnı́ čı́sla P−1
SC JSC ležı́ v intervalu:

[amind−1
max, amaxd−1

min].

Důkaz: Úloha na vlastnı́ čı́sla, ∥x∥ = 1:

(A + B)x = λ(DA + B)x ,

kde A, DA jsou symetrické, definitnı́, B je symetrická, semidefinitnı́. Rayleighův podı́l:

λ =
x⊤Ax + x⊤Bx

x⊤DAx + x⊤Bx
=

a + ξ

d + ξ
= 1 +

a− d
d + ξ

:= λ(ξ; a, d).

Poslednı́ výraz chápeme jako hyperbolu s proměnou ξ a parametry a, d .

Protože a ∈ [amin, amax], d ∈ [dmin, dmax] a amin ≤ dmin ≤ dmax ≤ amax:

λlower (ξ) = λ(ξ; amin, dmax), λupper (ξ) = λ(ξ; amax, dmin).

Pro libovolné vlastnı́ čı́slo dostáváme:

λ ∈ [λlower (0), λupper (0)].

1

0

λ

ξ

λlower

λupper

r
r
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Poznámky
Hrubý odhad spektrálnı́ho čı́sla podmı́něnosti:

κ(P−1
SC JSC) ≤

amaxd−1
min

amind−1
max

= κ(DA)× κ(A).

Odhady nezávisı́ na iteraci ALGORITMU PF, ale pouze na A.
Limitnı́ Jacobiho matice J(v∗) může být singulárnı́ (např. ν∗1,i = z∗

1,i = 0, slabý kontakt).

κ(JSC(v (k)))→∞ vlivem Z−1 (např. ν∗1,i > 0 a z∗
1,i = 0).

Experiment: čı́sla podmı́něnosti v jednotlivých iteracı́ch:
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Formulace úlohy

Minimalizačnı́ úloha s omezenı́m:

x∗ = argmin
x∈Ω

q(x),

kde

q(x) =
1
2

x⊤Ax − x⊤b,

pro x = (x⊤
1 , x⊤

2 )⊤ ∈ Rn, m≪ n, x1 ∈ Rm,

Ω = {x ∈ Rn : |x1| ≤ g, Cx = d},

g = (g1, . . . , gm)⊤, gi ≥ 0.

C ∈ Rp×n, p < n, má plnou řádkovou hodnost,

A ∈ Rn×n je symetrická, pozitivně definitnı́ na Ker C.

Struktura ALGORITMU PF i teorie je stejná, jinak se řešı́ lineárnı́ soustavy.
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Sestavenı́ lineárnı́ch soustav

Lagrangian:

L(x , µ, ν) =
1
2

x⊤Ax − x⊤b + µ⊤(Cx − d) + ν⊤1 (−x1 − g) + ν⊤2 (x1 − g).

Newtonova funkce:

F (v) =



Ax − b + C⊤µ+

(
−N1 + N2

0

)
em

Cx − d(
−X1 − G + Z1
X1 − G + Z2

)
em

NZe2m


, kde


Nj = diag(νj ), j = 1, 2,
Zj = diag(zj ), j = 1, 2,
X1 = diag(xj ),
G = diag(g1, . . . , gm),

Soustava s Jacobiho maticı́:
A C⊤ J13 0
C 0 0 0

J31 0 0 I
0 0 Z N




∆x
∆µ
∆ν
∆z

 =


r1
r2
r3
r4

 , J13 = J⊤
31 =

(
−I I
0 0

)
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Schurův doplněk pro (2,2)-blok

Eliminujeme ∆ν a ∆z:(
A + B C⊤

C 0

)(
∆x
∆µ

)
=

(
r̄1
0

)
, B = diag(N1Z−1

1 + N2Z−1
2 , 0),

kde B je symetrická, pozitivně semidefinitnı́.

Použijeme projektor: P : Rn → Ker C, P = I − C⊤(CC⊤)−1C.

Dostaneme projektovanou rovnici:

P(A + B)∆x = Pr̄1, ∆x ∈ Ker C.

Po výpočtu ∆x dopočı́táme ostatnı́ složky Newtonova směru, např.:

∆µ = (CC⊤)−1C(r̄1 − (A + B)∆x).

Lemma
P(A + B) : Ker C → Ker C je symmetrický, pozitivně definitnı́ operátor (invertovatelný na Ker C).

Důkaz: x ∈ Ker C, x⊤P(A + B)x = (Px)⊤(A + B)(Px). □
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Řešenı́ projektované rovnice

Předpodmiňovač potlačujı́cı́ růst Z−1:

PD : Ker C → Ker C, D = DA + B, DA = diagA.

Je symetrický, pozitivně definitnı́ na Ker C (a invertovatelný).

Předpodmı́něná projektovaná rovnice:

[PD]−1P(A + B)∆x = [PD]−1Pr̃1, ∆x ∈ Ker C,

kde [PD]−1 je inverze na Ker C (standardnı́ inverznı́ matice neexistuje).
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Akce [PD]−1 na Ker C

Lemma
Necht’ D nemá nuly na diagonále. Pak platı́:

[PD]−1 = PD−1 D−1,

kde PD−1 : Rn → Ker C je šikmý projector:

PD−1 = I − D−1C⊤(CD−1C⊤)−1C.

Důkaz: x , y ∈ Ker C. Pro x = [PD]−1y analyzujeme inverzi PDx = y odpovı́dajı́cı́ soustavě:(
D C⊤

C 0

)(
x
µ

)
=

(
y
0

)
.

Z prvnı́ rovnice: x = D−1(y − C⊤µ). Z druhé: µ = (CD−1C⊤)−1CD−1y a vyeliminujeme µ:

x = D−1(y − C⊤(CD−1C⊤)−1CD−1y) = (I − D−1C⊤(CD−1C⊤)−1C)D−1y

□
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Předpodmı́něné projektované CGM

x = PPCGM(M,D,P,PD−1 , r̄1, x0, tol)

(1.) x = Px0 ort. projektor
(2.) r = P(r̄1 −Mx) ort. projektor
(3.) z = PD−1 D−1r předpodmı́něnı́
(4.) p = z
(5.) ρ = r⊤z
(6.) while ∥r∥/∥r̃1∥ > tol
(7.) w = PMp ort. projektor
(8.) α = ρ/(p⊤w)
(9.) x = x + αp
(10.) r = r − αw
(11.) z = PD−1 D−1r předpodmı́něnı́
(12.) ρ1 = ρ
(13.) ρ = r⊤z
(14.) β = ρ/ρ1
(15.) p = z + βp
(16.) endwhile

x = ∆x

M = A + B, D = DA + B

projektovaná rovnice:

[PD]−1PMx = [PD]−1Pr̄1, x ∈ Ker C

ortogonálnı́ projektor:

P = I − C⊤(CC⊤)−1C

šikmý projektor:

PD−1 = I − D−1C⊤(CD−1C⊤)−1C
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Odhad polohy vlastnı́ch čı́sel na Ker C

Věta
Necht’ 0 < amin, amax, resp. 0 < dmin, dmax jsou nejmenšı́ a největšı́ vl. čı́slo A, resp. DA na Ker C.

Vlastnı́ čı́sla operátoru [P(DA + B)]−1P(A + B) : Ker C → Ker C ležı́ v intervalu:

[amind−1
max, amaxd−1

min]

Důkaz: Úloha na vlastnı́ čı́sla, ∥x∥ = 1, x ∈ Ker C:

P(A + B)x = λP(DA + B)x ,

Rayleighův podı́l:

λ =
x⊤P(A + B)x

x⊤P(DA + B)x
=

x⊤Ax + x⊤Bx
x⊤DAx + x⊤Bx

= . . .

Dále je všechno stejné. Včetně důsledků:

Odhad spektrálnı́ho čı́sla podmı́něnosti na Ker C:

κ([PD]−1PM,Ker C) ≤ κ(DA,Ker C)× κ(A,Ker C).

Odhady nezávisı́ na iteraci ALGORITMU PF, ale pouze na A a C.

1

0

λ

ξ

λlower

λupper

r
r
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Experiment 1: 3D kontaktnı́ úloha s Trescovým třenı́m

lineárnı́ pružnost: těleso na tuhé podložce

sférická omezenı́, pozitivně definitnı́ přı́pad
Γp

Γp
Γp

Γc

SΓu

x1

x3
x2

PF(0.3, 0.99) PF(0.1, 0.9) PF(0.01, 0.99) AS
m iter/nA time iter/nA time iter/nA time nA time
180 15/87 0.28 14/92 0.28 14/119 0.36 187 0.48
378 13/85 1.61 13/96 1.78 12/105 1.89 181 2.70
648 15/91 6.43 14/104 7.11 15/130 8.47 187 10.14
990 17/120 23.20 15/116 22.17 17/166 29.72 203 30.64
1404 16/106 48.22 15/116 51.51 15/147 62.04 230 78.13
1890 17/121 111.18 16/125 113.40 16/151 131.90 254 177.31
2448 18/130 226.19 17/130 224.11 17/175 285.51 259 344.97

ALGORITMUS PF(rtol , cfact )

AS: algoritmus založený na aktivnı́ch množinách

iter : počet vnějšı́ch (Newtonovských) iteracı́

nA: počet násobenı́ matice-vektor
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Experiment 2: 2D prouděnı́ se skluzovou podmı́nkou

modelová úloha: obtékánı́ překážky v kanálu

Stokesův model nestlačitelné kapaliny

jednoduchá omezenı́, pozitivně semi-definitnı́ přı́pad bez projektorů

g = 10 g = 30
m AS PF AS PF
30 6867(7.2) 208(0.6) 682(1.2) 181(0.2)
60 22579(118.6) 283(12.4) 1060(8.4) 268(1.2)

120 130615(4110.4) 374(12.4) 1816(59.2) 389(12.7)
240 >200000 459(135.4) 3083(849.1) 454(130.7)

ALGORITMUS PF

AS: algoritmus založený na aktivnı́ch množinách

tučně: počet násobenı́ matice-vektor
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Experiment 3: 2D prouděnı́ se skluz. podm. + TFETI

modelová úloha: jednoduchá geometrie (čtverec dělený na čtverce)

jednoduchá omezenı́, pozitivně definitnı́ přı́pad s projektory

tučně: počet násobenı́ matice-vektor

počet podoblastı́ primal /dual – I + B DA + B
100(10× 10) 24300/5099 3847 1260 303
144(12× 12) 34992/7343 4214 1257 302
196(14× 14) 47628/9995 4139 1160 295
256(16× 16) 62208/13055 4336 1132 295
324(18× 18) 78732/16523 4349 1149 295
400(20× 20) 97200/20399 4781 1147 294
484(22× 22) 117612/24683 4959 1143 294
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Experiment 4: rozvětvená oblast

geometrie Ω na obrázku: γD = Γin, γN = Γout1 ∪ Γout2 ∪ Γout3, γS = ∂Ω \ γD ∪ γN

ν = 1, f = 0, parabolický vtok uD , volný výtok σN = 0, κ = 0.3

Γin

Γout1 Γout2

Γout3

primal /dual g = 0.01 g = 0.05 g = 0.1 g = 0.15 g = 0.2
164481/16240 9068 9273 7763 7214 7445
636498/32442 8377 8277 8583 7219 6516

1746822/54048 7761 8936 7866 7261 6613
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Experiment 4: tečná rychlost podél γS

pro g = 0.01

pro g = 0.2
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Experiment 4: detaily

g = 5

g = 0.5

g = 0.05

g = 0.005
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Experiment 5: časová úloha

===============================================================
UNSTEADY D i r i c h l e t −Neumann− S l i p STOKES EQUATION IN 2D (PF−IPM)
===============================================================
L | t |CPU t | pf / n A | res1 | res2 | res2 | A/ I / ˜ I | res ss
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
1 |0 . 1 |4 . 6 e0 | 21/1051 |5 . 1 e−14 |6.2e −6 |3.3e −7 |180/176/0 | 1.3e−4
2 |0 . 2 |6 . 9 e0 | 17/1529 |1 . 8 e−15 |4.8e −7 |2.2e −8 |198/158/0 | 2.4e−5
3 |0 . 3 |6 . 1 e0 | 20/1430 |1 . 0 e−15 |4.5e −7 |1.9e −8 |196/160/0 | 1.8e−5
4 |0 . 4 |5 . 3 e0 | 20/1360 |8 . 6 e−16 |7.4e −7 |2.9e −8 |188/168/0 | 3.6e−5
5 |0 . 5 |6 . 6 e0 | 21/1416 |8 . 0 e−16 |3.9e −7 |1.7e −8 |180/176/0 | 2.3e−5
6 |0 . 6 |7 . 4 e0 | 25/1626 |7 . 7 e−16 |1.2e −7 |5.8e −9 |168/188/0 | 7.5e−6
7 |0 . 7 |6 . 5 e0 | 24/1243 |7 . 9 e−16 |6.7e −7 |2.8e −8 |158/198/0 | 4.9e−5
8 |0 . 8 |5 . 9 e0 | 25/1283 |7 . 5 e−16 |8.0e −7 |3.2e −8 |148/208/0 | 5.0e−5
9 |0 . 9 |4 . 1 e0 | 22/1025 |7 . 4 e−16 |1.2e −7 |4.3e −9 |133/223/0 | 7.8e−6
10 |1 .0 |5 .6 e0 | 23/1261 |7 . 3 e−16 |9.9e −8 |3.7e −9 |103/253/0 | 6.5e−6
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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[11] Haslinger, J., KR, Motyčková, K., Šátek, V: Stokes problem with the Coulomb stick–slip

boundary conditions in 3D: Formulations, approximation, algorithms, and experiments.
Mathematics and Computers in Simulation, 216(2024), pp. 145-167.

46 / 47



Děkuji za pozornost!
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